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Hsinchu 30043, Taiwan
E-mail: d793314@phys.nthu.edu.tw
The formulation of the relativistic spinless path integral on the general affine space
is presented. For the one dimensional space, the Duru-Kleinert (DK) method and
the δ-function perturbation technique are applied to solve the relativistic path
integrals of the smooth potential and the Dirichlet boundary condition problems,
respectively.
1 Relativistic Path Integral on General Affine Space
Let us first consider a point particle of massM moving at a relativistic velocity
in a (D + 1)-dimensional Minkowski space with a given electromagnetic field.
By using t = −iτ = −ix4, the path integral representation of the fixed-energy
amplitude is conveniently formulated in a (D + 1)-Euclidean spacetime with
the Euclidean metric,
(gµν) = diag (1, · · · , 1, c
2), (1)
and is given by 1,3
G(xb,xa;E) =
ih¯
2Mc
∫
∞
0
dL
∫
Dρ(λ)Φ [ρ(λ)]
∫
D
Dx(λ)e−AE/h¯ (2)
with the action
AE =
∫ λb
λa
dλ
[
M
2ρ (λ)
x′
2
(λ)− i
e
c
A(x) · x′(λ)− ρ(λ)
(E − V (x))
2
2Mc2
+ ρ (λ)
Mc2
2
]
,
(3)
where L is defined by
L =
∫ λb
λa
dλρ(λ), (4)
in which ρ(λ) is an arbitrary dimensionless fluctuating scale variable, and Φ[ρ]
is some convenient gauge-fixing functional, such as Φ [ρ] = δ [ρ− 1], to fix the
value of ρ(λ) to unity. h¯/Mc is the well-known Compton wave length of a
particle of mass M , A(x) is the vector potential, V (x) is the scalar potential,
1
E is the system energy, and x is the spatial part of the (D+1) vector x = (x, τ).
This path integral forms the basis for studying relativistic potential problems.
To obtain a tractable path integral in (2) for the arbitrary time independent
potential V (x), Let us first take the space-time transformation as usual 2
△λn = △snf(xn), (5)
where △λn ≡ λn − λn−1 is a small parameter interval and f(x) are invertible
but otherwise arbitrary function. A general formulation of relativistic path
integral in affine space is given by introducing the coordinate transformation
xi = hi(q). (6)
The differential mapping may be written as
dxi = ∂µh
i(q)dqµ = ei µ(q)dq
µ. (7)
Since we must find all terms that will eventually contribute to order ǫ, we
expand (△xn)
2 = (xn−xn−1)
2 up to fourth order in△qµn = q
µ
n−q
µ
n−1. Finally,
we obtain the path integral representation for the fixed-energy amplitude of a
relativistic particle in general affine space 1,2,3
G(xb,xa;E) = lim
n→∞
ih¯
2Mc
∫
∞
0
dS
f(qa)(
2πh¯ǫs
b
ρbf(qa)
M
)D/2
N+1∏
n=1
[∫
dρnΦ(ρn)
]
×
N+1∏
n=2

∫ ∞
−∞
dD △ qng
1/2(qn)(
2πh¯ǫs
n
ρnf(qn)
M
)D/2

 exp
{
−
1
h¯
N+1∑
n=1
[
Aǫ +AǫJ +A
ǫ
pot
]}
(8)
with each s-sliced action
Aǫ +AǫJ +A
ǫ
pot =
M
2ǫsρf
gµν△q
µ
△qν −
h¯
2
Γ µµ ν△q
ν + ǫsρf
h¯2
8M
(Γ µµ ν)
2
− i
e
c
[
Aµ△q
µ
− ǫsρf
h¯
2M
(
AνΓ
µν
µ +DµA
µ
)]
− ǫsρf
(E − V (q))
2Mc2
2
, (9)
where we have omitted the subscripts n of △qµ. The induced metric gµν =
eiµe
i
ν and affine connection Γ
µ
λκ = e
µ
i e
i
κ,λ are evaluated at the postpoint,
q˙α stands for dqα/ds. The action of covariant derivative Dµ is defined as
DµA
µ = ∂µA
µ + Γ µµλ A
λ. (10)
Remarkably, this expression involves only the connection contracted in the first
two indices:
Γ µνµ = g
µλΓ νµλ . (11)
2
2 Duru-Kleinert Method for the Relativistic Potential Problems
The relativistic stable path integrals of Eq. (2) have a more elegant represen-
tation if the systems are in two-dimensional Minkowski space or rotationally
invariant systems in any dimensions. By decomposing the Eq. (2) into angular
parts and take DK transformation, we get 2
G(xb,xa;E) =
1
(rbra)(D−1)/2
∞∑
l=0
GDKl (rb, ra;E)
∑
mˆ
Ylmˆ(xˆb)Y
∗
lmˆ(xˆa), (12)
where superscript DK indicates that the system has been performed by the DK-
transformation, the functions Ylmˆ(xˆ) are the D-dimensional hyperspherical
harmonics and GDKl (rb, ra;E) is the purely radical transformed amplitude
GDKl (rb, ra;E) =
h¯i
2Mc
f
1/4
b f
1/4
a G(qb,qa;E). (13)
The amplitude G(qb,qa;E) is given by
2
G(qb, qa;E) ≡
∫
∞
0
dS
∫
Dρ(s)Φ [ρ(s)]
∫
Dq(s)e−A
DK
s
/h¯ (14)
with
ADKs =
∫ S
0
ds
[
M
2ρ(s)
q˙2(s) + ρ(s)f(q(s))
×
(
h¯2
2M
(l +D/2− 1)2 − 1/4
r2(q(s))
−
[E − V (r(q))]
2
2Mc2
+
Mc2
2
)
+ V eff
]
. (15)
The effective potential V eff is given by
V eff = −
ρ(s)h¯2
M
[
1
4
h′′′(q)
h′(q)
−
3
8
(
h′′(q)
h′(q)
)2]
. (16)
Here the transformation function r = h(q) with
h′2(q) = f(r). (17)
3 Relativistic Path Integral With Dirichlet Boundary Conditions
via Sum Over Perturbation Series
With the help of the δ-function perturbation techniques, we obtain the rela-
tivistic fixed-energy amplitude for an impenetrable wall appears at x = a given
3
by 3
G(wall)(xb, xa;E) = G0(xb, xa;E)−
G0(xb, a;E)G0(a, xa;E)
G0(a, a;E)
. (18)
Furthermore, for the relativistic motion inside a box with boundaries at x = a
and x = b one obtains (a < x < b,Dirichlet-Dirichlet boundary conditions) 3
G(xb, xa;E) =
ih¯
2Mc
∫
∞
0
dL
∫
Dρ(λ)Φ [ρ(λ)]
×
∫ xb
xa
Dx(λ) exp
{
−
1
h¯
∫ λb
λa
dλ
[
M
2ρ (λ)
x′
2
(λ)− ρ(λ)
(E − V (x))2
2Mc2
+ ρ (λ)
Mc2
2
]}
(19)
=
∣∣∣∣∣∣
G0(xb, xa;E) G0(xb, b;E) G0(xb, a;E)
G0(b, xa;E) G0(b, b;E) G0(b, a;E)
G0(a, xa;E) G0(a, b;E) G0(a, a;E)
∣∣∣∣∣∣∣∣∣∣G0(b, b;E) G0(b, a;E)G0(a, b;E) G0(a, a;E)
∣∣∣∣
, (20)
where the notation G0 stands for the non-perturbative relativistic fixed-energy
amplitude.
The methods present in this paper enable us to solve a large class of the
relativistic potential problems. It is our hope that our studies would help to
achieve the ultimate goal of obtaining a comprehensive and complete path in-
tegral description of quantum mechanics and quantum field theory, including
quantum gravity and cosmology.
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